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History

1958. Godel’s Dialectica interpretation
o Relafive consistency of PA
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History
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1958. Godel’s Dialectica interpretation

1959.

1974.

1978.

o Relative consistency of PA

Kreisel’s modified realizability
e Independence resulfs, unwinding proofs

Diller-Nahm variant of Dialectica interpretation
» Solve confraction problem

Stein’s family of functional interpretations
o Relate modified realizability and Dille-Nahm's
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{ History

o
1958. Godel’s Dialectica interpretation

o Relative consistency of PA

1959. Kreisel's modified realizability
e Independence resulfs, unwinding proofs

1974, Diller-Nahm variant of Dialectica interpretation
» Solve confraction problem

1978, Stein’s family of functional interpretations
o Relate modified realizability and Dille-Nahm's

1992. Monotone functional interpretation
e Proof mining
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Basic Logical Symbols

® Our logical consfructions are:

AANB
AV B
—-A
dx A
VA

conjunction
classical disjunction
negation
existential quantifier

universal quantifier
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Basic Logical Symbols

® Our logical consfructions are:

AANB
AV B
—-A
dx A
VA

conjunction
classical disjunction
negation
existential quantifier

universal quantifier

®» A—-B=-AVBHB

® AVB=3n((n=0— A)A(n#0— B)).
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A Functional Interprefation

® A formula mapping
A \A\Z

o x marks the witness required by A
» y marks the refutation of a given witness for A.

® A proof mapping
HA*+A ~— HAYF B,

for some B such that HAY - B — JzVy|Al7.
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Road map

» Functional Interpretations

® Formula Translation Parametrised
o Parametrisation
o Conditions on Parameter

» Soundness Theorem
» Proof Translation Parametrised

» Parametrised Soundness Theorem
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The Formula Translation

| Aat| := Aat, when A, is atomic.

Assume we have already defined |A]y and |B|;,, we define

ANBlgw = A AIB,
AVBS = AU VB,
VzAR = AR))
32A(2)]y" = |A(2)]5.
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The Formula Translation

| Aat| := Aat, when A, is atomic.

Assume we have already defined |A]y and |B|;,, we define

ANBlgw = A AIB,
AVBS = AU VB,
VzAR = AR))
32A(2)]y" = |A(2)]5.

® What about |-A|?
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The Wiftnesses of — A

® GOdel’s Dialectica interpretation:
Functionals producing counter-examples for A, i.e.

—AlL = | Af,
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The Wiftnesses of — A

® GOodel’s Dialectica interpretation:
Functionals producing counter-examples for A, i.e.
—AlL =A%, = Vy(y = fr — |A[Z).

#® Modified Realizability
- A does not ask for witnesses, it is either true or false, i.e.

—AlS = vyl A[E = “vy(true — A7),
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The Wiftnesses of — A

® GOodel’s Dialectica interpretation:
Functionals producing counter-examples for A, i.e.
SAlL = —|Al5, = —Vy(y = fo — |AJ]2).

® Modified Readlizability
- A does not ask for witnesses, it is either frue or false, i.e.
—AlS = vyl A[E = “vy(true — A7),

® |In General:
Functionals producing “bound” on counter-examples

— Al =y © falAly = Vy(y © fo — |AJ).
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Formula Translation: Parameftrisation

Aat| = A., when A, Is atomic,
ANBlyw = |Aflf AIBG,

AVBlS, = JAJUV|BIY,

VA2 = AR

A2A(2)[y° = A(z)]i

-Alf = Wy C fo|AR.
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Formula Translation: Parameftrisation

Aat| = A., when A, Is atomic,
ANBlyw = |AlJ N|BJY,
AV B|Y = |AYY VB,
VAR = AR
A2A(2)[y° = A(2)5
A3 = —Vy C fz|Al}.
® Forinstance:
=0 = (x = 0),
Ve(z =0)|, = (a =0),
—Vz(x =0)]” = —VaC bla=0).
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Instantiations

® Modified realizability
Choose Vx C aA(x) :== VxA(x)
HAY o mr A < Vy|A[7.
® Dialectica interpretation
Choose Vz C aA(z) := A(a)
HA® = Ap(z,y) < |A]}.
#® Diller-Nahm variant
Choose Vx C aA(x) :=Vn < |a|A(ay,)
HA® = Ax(z,y) < A7,
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The C—-Bounded Formulas

Definition. The class of C-bounded formulas (we use Ay
and By,) are those built out of

® prime formulas,

& conjunction (4, A By),

® implication (4, — By) and
o

bounded quantification (Vz C tAyp).
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Conditions on Choice of Vx C aA(x)

For each C-bounded formula Ay (x”), there are terms
b1, by ,bs such that

(B1) HA¥ FVx C by y Ap(x) — Ap(y),

(B2) HAY -Vz C byyoy1 Ap(z) — /\;.L:O Vo C y; Ap(x),

(B3) HAY -Vz C by hzAp(x) — YyP C 2Vx? C hyAp(x).
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Soundness Theorem

Soundness Theorem. |f

#® conditions (B1), (B2), (B3) hold

® HAY + T+ A,

then there are sequences of ferms t[v] and r|v, y] such that

HA® 4V C rlv, y]|T[Y - AL
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Conditfion (B1)

® Any counter-example has a bound

Vy’ C by yAb(y’) — Ab(y).
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Conditfion (B1)

® Any counter-example has a bound

Vy’ C by yAb(y’) — Ab(y).

Vy' C by |Al}]a

(BD
Al

Unifying Functional Interpretations - p.15/25



Conditfion (B2)

® Joining two sets of counter-examples into one

Vo C bayo y1 Ap(x) — /\320 Vo C y; Ap(x).
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Conditfion (B2)

® Joining two sets of counter-examples into one

Vo C bayo y1 Ap(x) — /\3:() Vo C y; Ap(x).

Lo [T
o N
A B
N
ANB
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Conditfion (B2)

® Joining two sets of counter-examples info one

Va C by yo y1 An(z) — Ni—g Vo C yi Ay ().

[Vw L p ‘F‘w]ao [\V/w L q ‘F‘w]al
- T0 T
Al BJ°

- Al
AN B|"?
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Conditfion (B2)

® Joining two sets of counter-examples info one

Var bz yo y1 Ap () — Aj—g Ve T yiAp(2).

[\V/”LU C bapgq ‘F‘w]a [\V/w C bapg |F|w]

=~ (B2)
Vw C p T, Yw C q [T,
: 0 1
A’ 1B
Al

|A A B|*
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Condition (B3)

® Bounded family of sets info a single set

Ve C bghzAp(x) — Vy? C 2Va® C hyAp(x).

Unifying Functional Interpretations - p.17/25



Condition (B3)

® Bounded family of sets info a single set

Ve C bghzAp(x) — Vy? C 2Vx? C hyAp(x).

Unifying Functional Interpretations - p.17/25



Condition (B3)

® Bounded family of sets info a single set

Ve C bghzAp(x) — Vy? C 2Vx? C hyAp(x).

Vu C ry|l|,
X
A5 VyC gl —|Bl,

Bl

E
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Condition (B3)

® Bounded family of sefs info a single set

Ve C bghzAp(x) — Vy? C 2Vx? C hyAp(x).

Vy C q(Vu C ry|l], )la
7
vy T q(]Al;) Yy C q|Aly — |Bl,

B
Bl
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Condition (B3)

® Bounded family of sefs info a single set

Ve C bghzAp(x) — Vy? C 2Vx? C hyAp(x).

i b 'l |,
[UI: 37“(]| |u] (BS)

Vy C q(Vu C ry|l],)
7
vy T q(]Al;) Yy C q|Aly — |Bl,

Bl

E
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Necessity of (B) conditions

Lemma. If HA* + T' -+ A implies the existence of terms ¢|v]
and r|v, y| satisfying

HA® + Y C rlv, y]|T[5 - AL,
then conditions (B1), (B2) and (B3) must hold for the choice
of Vax C aA(x).

Unifying Functional Interpretations —p.18/25



Road map

o o o o

Functional Interpretations
Formula Translation Parametrised
Soundness Theorem

Proof Translation Parametrised
o Parametrisation
o Conditions on Parameter

Parametrised Soundness Theorem
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Proof Translation : Parameftrisation

If HAY - A then
HA“ - B

HA® = vy| Al
HA® = Jzvy| Al
HAY = Jo <" tvy|A[]

and

and
and

and

HAY - B — Javy|AJ

HA - y|AlY, — Javy|AJ2
HA® = Javy| Al — Jxvy| Al
HAY = Jz < tVy| Al — JzVy|Alj
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Proof Translation : Parameftrisation

If HAY - A then
HA“ - B

HA® = vy| Al
HA® = Jzvy| Al
HAY = Jo <" tvy|A[]

HA¥ =z < tvy| Al

and

and
and

and

and

HAY - B — Javy|AJ

HA - y|AlY, — Javy|AJ2
HA® = Javy| Al — Jxvy| Al
HAY = Jz < tVy| Al — JzVy|Alj

HA® = Jx < tVy|Al} — JxVy|Al;
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Condifion on Choice of dx < aA(x)

For each C-bounded formula Ay (a, z) and ferm t|v]
there exists a term t*[v] such that,

(E) HA® F 3" < vVaAyp(a,t[v']) — Jz < t*[v]VaAy(a, ).
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Condition on Choice of 4z < aA(x)

For each C-bounded formula Ay (a, z) and ferm t|v]
there exists a term t*[v] such that,

(E) HA® F 3" < vVaAyp(a,t[v']) — Jz < t*[v]VaAy(a, ).

We call t*[v] a <-maqgjorizing ferm for t[v].

In particular, when t is a closed term we have

HAY - VYaAy(a,t) — Jx < t*VaAy(a, ).
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Condifions onVx C aA(x) and dx < aA(x)

For each C-bounded formula Ay (x”), there are terms
by, b3, b3 such that
(B1D* HA* F dv < biVa,y

(Va T vay Ap(a, z) — Ap(a,y)),
(B2)* HA¥ - dx < biVa, yo, y1

(Vx C xayoyr Ap(a,z) — /\3:0 Vo C y;Ap(a, x)),
(B3)* HA® F 3¢ < b3Va, h, 2

(Vx? C EahzAp(a,x) — Vy" C 2Vx? C hyAp(a,x)).
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Parametrised Soundness

Parametrised Soundness. If

#® conditions (E), (B1)*, (B2)* and (B3)* hold

® HA 4+ T A,

then there are sequences of closed ferms ¢, r such that

HA® - 3f < t3g < rVa,v,y(Yw = gavy|T|Y, — |Al;*).
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4 Ssummary
|
Vaf C aA(x) dr < aA(zx) | Interpretation
Ala) A(a) Dialecftica
Vi < |a| A(a;) Ala) Diller-Nahm
Vit A(ai)\Vz A(x) Ala) Stein’s family
VrA(x) A(a) Modified realizability
Ala) dr <* aA(x) | Monotone Dialectica
Vi < |a| A(a;) dr <* aA(xz) | no given name
Vi1 A(ai)\VzA(z) | 3z <* aA(x) | no given name
VrA(x) dr <* aA(x) | Monotone realizability
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