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Diophantine Approximation

Approximation of reals R by rationals Q

- Rationals are dense in the real, so 1t’s always possible to
approximate a real by rationals

- But some approximations are better than others:

314159 355
T~ (good) r ~ —— (better)
100000 113

Goal: Given o € R we want to study p, g € N with gcd(p, g) = 1
such that:

| — P | is small (or equivalently, |ga — p| is small)
q




Simple Lower Bound

Lemma. Let o = a/b € Q) where gcd(a,b) = 1. Forany p,qg € Z
such that @ # p/q we have that |ga —p| > 1/b.

Proof: If a/b # p/q then |ga — pb| > 1 and hence:

qa |ga—pb| _ 1




An Upper Bound

Theorem (Dirichlet Approximation Theorem). For any o € R

and O € N there are coprime p,qg € Z suchthat ] < g < Q

1
lga —p| < —
O

Proof:

1. Divide the interval [0,1) into O intervals of equal size 1/0
Look at fractional parts of O,a,2a,3a, ..., Qo

Two of these (say {ia}, {ja}) will fall into the same interval
Then | {ja} — {ia}| < 1/0

| (ja} = {ia}| = |ja = p; = Ga = p)| = G = Da— (p;~ )|

ARSI RS




A Corollary

Corollary. If a € R 1s 1rrational then there are infinitely many
plqg € Q with gcd(p,q) = 1, g > 1, such that

1
‘ o — E ‘ < o
q q
Proot:
1. Assume there are only finitely many p,/q;, ...,p,/q,

s P D

Since o € Q) we have that |a — p;/q;| # 0
Chose Q such that 1/Q < min |a — p,/q; |

From theorem, |a — p/q| < 1/gQ, for some p and g < O
So, plq # p;/g.but |a —plq| < 1/gQ < 1/g*, contradiction




Roth’s Theorem

Theorem (1955). If a € R 1s an 1rrational algebraic number then
for every € > 0 then the following has only finitely many
solutions (p, g) with gcd(p, q) = 1

1
a-2) < —
q q-Te

+ Roth’s proof 1s ineffective

- Focus of early work on “proof mining” (Kreisel and
Luckhardt)




Khintchine Theorem



Khintchine Theorem

Lety: N — R* such that gy(g) is non-decreasing. A real number
a € [0,1] 1s call y-approximable if there are infinitely many rationals
p/q such that
a-L < Ww(q)
q q

Theorem (Khintchine, 1926).
- It 2 w(q) diverges almost every x € [0,1] is y-approximable

- It 2 w(g) converges almost every x € [0,1] 1s not y-approximable




2022 Fields Medal...

+ Duffin & Schaeftfer (1941) proved a generalisation of

Khintchine’s result. ..

...and posed what 1s known as the Duffin-Schaeffer
conjecture, an analogue of Khintchine’s result for y which are
not necessarily decreasing

»  Dimitris Koukoulopoulos and James Maynard announced
proof of this conjecture in 2019

- James Maynard was awarded the Fields Medal this year for
"contributions to analytic number theory, which have led to
major advances 1n the understanding of the structure of prime
numbers and in Diophantine approximation"




(Generalisation

——

For X € I (unit cube) and l/fm R* supremum norm

» Ny, X) = |{(p,q) |
- A, ) ={Xel™

gX —p| <w(|lqgl),ged(p,q) =1} |

N(l/f,X)=OO} pEZm,QEZn

Theorem (Khintchine-Groshev). L Lebesgue measure

. If qu”_ll//(q)m diverges (y mon.) then [, (w)| =1

. If qu”_ll//(q)m converges then [, ()| =0




Beresnevich-Velani1 Proof

Theorem (Khintchine-Groshev).
. If qu”_ll//(q)m (y mon.) diverges then [,  (y)| =1

Proof: Two key lemmas
+ Lemma 1: Foralln,m > 1andy: N - R™
A, >0 = |, .@|=1

- Lemma 2: Given sequence of measurable sets £, C ["" such
that 22 | E, | = oo then

(2 E])?
| EgN E;|

| lim sup £, | > lim sup
k— 00 N—-oo S t_




Borel-Cantell1 Lemma



The Infinite
Monkey Theorem

Theorem (Borel, 1913). A monkey hitting keys at random on a
typewriter keyboard for an infinite amount of time will almost

surely type any given text, such as the complete works of William
Shakespeare.

Proof: Let A; be the event that the text 1s typed at the i-th block.
Since the A; are independent and have fixed non-zero probability

D P[A] = o

By the second Borel-Cantelli lemma the probability of A, i.0. 1s 1




(QQ, &, P) a probability space:

- € 1s the sample space (elements of €2 are called outcomes)
. F C 2% s event space (set of events)

« P: # — [0,1] is the probability function

Definition. Given (A,),-n a sequence of events, we denote by
“(A;);en 1-0.” the event
(ADien 0. ={x € Q| Vidj 2 i(x € A)]}

or equivalently
Aienio. = [ |4

i i

Question. When do we have P[(A,),cn 1.0] = 1 or 07




Borel-Cantelli Lemmas

1st B-C Lemma. If >.P[A.] < oo then P[(A,);,- I.0] = 0.

2nd B-C Lemma. If the events are mutually independent then
2..PlA;] = oo implies P[(A)),cn 1.0] = 1.

An example of 0-1 law: For mutually independent events A; we
have that P[(4;),cy i.0] 1s either O or 1, depending on whether
2..P[A;] converges or diverges.




2nd B-C Lemma. If the events are mutually independent then
2..P[A;] = oo implies P[(A,),n 1.0] = 1.

Generalisation 1 (Erdos-Rényi, 1959). If 2.P[A,] = co and

n
L1

P

AA
= 1

Iim inf (

then P[(A,);cn I.0] = 1.

n
k=1

P

Arl)?

Generalisation 2 (Kochen-Stone, 1964). If 2..P[A.] = oo then

P[(A));en i-0] = Iim sup—

(ZZ= P[A))?
PlA;A]




Quantitative versions of
the four above results...



>.P[A]] < oo

VIIkVm > k ( D P[A] <

1=k

1
2!

P[(A);cn 0] =0

VIdkVm > k (P [

m

(4

1=k




Ist B-C Lemma

1st B-C Lemma. If >.P[A.] < oo then P[(A,);,- 1.0] = 0.

Quantitative version (Arthan-0’2020). Let ¢: N — N be
such that for all [ > 0 and m > ¢(])

Then for all [/ > 0 and m > ¢(])

ol ()] <2
i=(!)




2nd B-C Lemma

2nd B-C Lemma. If the events are mutually independent then
2..PlA;] = oo implies P[(A,);,cn 1.0] = 1.

Quantitative version (Arthan-0’2020). Let w: N — N be
such that for all N

w(N)
D) PIA]>N
i=1

Then for all n and [

P U A, >1—e!




Erdos-Reny1 Generalisation

Z?kzl PlAA]
lim inf — = ]
n— 0o (Zk=1 P[Ak])2

+

ZTk:IP [A:A]
: 1| <e

(37 PIA)?

Ve, ndm Zn[\




Quantitative Erdos-Rényi Theorem (Arthan-0’2020). Let
@ . N — N be such that

w(N)
VN< D PIA] > N)

i=1




Quantitative Erdos-Rényi Theorem (Arthan-0’2020). Let
@ : N — N be such that

w(N)
VN< D PIA] > N)

i=1
and let ¢: Q X N — N be such that

Yo PIAA)

Ve,n|p(e,n) > nA e <l+e¢
(2._, PIAD?




Quantitative Erdos-Rényi Theorem (Arthan-0’2020). Let
@: N — N be such that

w(N)
VN< D PIA] > N)

i=1
and let ¢: Q X N — N be such that

Yo PlAAY
Ve,n| (e, n) > n A <l+e¢

ZCb(g 1) P[Al])z

Letn, = ¢p(1/2, 1)andn,+1_¢(1/2l+1 n,). Then

vn,z< UA 21—2-l>

where m = max(w(2n), [+ 3)




Kochen-Stone Theorem

(X, _, PIA)
P[(A));cn 1.0] > Iim sup nk_l -
n— 00 Zi,k=1P_AiAk]

‘v’m,lEIn>m‘v’j>n[P U A




Theorem (Arthan-0’2020). There 1s a sequence of events
(A;):2; and a computable function @ : N — N such that

w(N)
VN( ZP[Ai] ZN)

=1

for which there is no computable function ¢ : N X N — N such
that Vm, [dn € [m, gb(m D]

j PIA 2
P U A, +i21imsup(z_ A

| i=m+1  _ 2! J— l.k— P[A Ak]

Hence, we consider the meta-stable version of the Kochen-
Stone theorem




Quantitative (meta-stable) Kochen-Stone (Arthan-0°2020).
Let w: N — N be such that

w(N)
VN( D PIA] > N)

i=1
Then, forall mand ! and g: N — N (with g(i) > i) there exists
an n € |m, g(zHl)(maX(a)(Z”zZ?; PlA;]), m)] such that

ol 1 (X PIADY
Vj € [n,gm)]| P [ Al +=>——
U 2l y 1P[AiAk]

i=m+1 _ ik=




Work 1n Progress...



METRIC SIMULTANEOUS DIOPHANTINE APPROXIMATION
(11)

P. X. GALLAGHER

THEOREM 1. Let r>2. For each sequence of numbers a, between 0
and 1, there are infinitely many solutions n, 1 of

nx—leU(a,), (I,n)=1 (2)

for almost all x or almost no X according as X a,” diverges or converges.

(MATHEMATIKA 12 (1965), 123-127]




THEOREM 1. Let r>2. For each sequence of numbers a, between 0
and 1, there are infinitely many solutions n, 1 of

nx—1eU(a,), (1, n)=1 (2)

for almost all x or almost no X according as X a,” diverges or converges.

Letr > 2 and (a,), -\ € (0,1
Ula) = {(yp, - y) €ERT |0 <y <a}

- TyxX)={(n,l) | nx—=1€ U@a)AN(,n)=1An <N}

. E(K) = {x € U(1) | IN(Ty(x) > K]

- E=nNg E(K)

Theorem (Gallagher, 1965).

- If 2 a’ converges then |E| = 0
- If X a; diverges then |E| =1




Theorem (Gallagher, 1965).
- If X a’ diverges then |E| =1

Proof: Assume 2~ a, diverges

- Use Schwarz inequality to show that | E(K)| > C
- Find sequence (b,),-n € [0,1] which 1s b, = o(a,) such
that 2 b, also diverges (call corresponding set £*)
» Identify U(1) with torus 77" = R"/(lattice vectors)
- Show that for the ergodic automorphism
O(X1, Xy, s X,) = (X9, X3, ooy Xy + ... +X,)
we have cU(c) C U(rc)
. olE* C E, for all g, so U, oclE* C E

- Since o 1s ergodic and U, 67E* > O then U, o7E* = 1




Final Mining Step

Theorem (qualitative). Given a torus automorphism o and
some | E| > 0 we have that

| JomuE) | =1

geN

Theorem (quantitative). Given a torus automorphism o, there
exists a function # such that

Ve,5| |E| > e — | U 6 IE)| >1-6
1<g<n(e,0)




Conclusion

- Quantitative version of the (constructive) proofs of 1st

and 2nd Borel-Cantelli lemmas, and Erdds-Rény1
generalisation.

- Quantitative (meta-stable) version of the (classical) proot

of the Kochen-Stone theorem.

- Original motivation for quantitative version of Borel-

Cantell1 lemma lies on current proof mining project on
Diophantine approximation (Khintchine's convergence
and divergence theorems).
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