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Proof mining in Li-approximation

Ulrich Kohlenbach !, Paulo Oliva !

2 Department of Computer Science, University of Aarhus, DK-8000 Aarhus C,
Denmark

Abstract

In this paper we present another case study in the general project of proof min-
ing which means the logical analysis of prima facie non-effective proofs with the
alm of extracting new computationally relevant data. We use techniques based on
monotone functional interpretation (developed in [17]) to analyze Cheney’s simpli-
fication [6] of Jackson’s original proof [10] from 1921 of the uniqueness of the best
Li-approximation of continuous functions f € C]0,1] by polynomials p € P, of
degree < n. Cheney’s proof is non-effective in the sense that it is based on classi-
cal logic and on the non-computational principle WKL (binary Konig’s lemma).

2001



Lemma 3.1 ([7], Lemma 1) Let f,h € C|0,1]. If f has at most finitely
many roots and if [, hsgn(f) # 0, then for some A € R, [ |f —Ah| <[5 |f],

where

1, if f(z) >r 0
sgn(f)(x) = {0, if f(z) = 0
—1, if f(a:) <r 0.




Main result (Theorem 4.1) Let ®(w,n,e) := min{ 8(5151)2, 2w (29) ),
where

_ _[n/2]![n/2]!

E E
T 24n+3(n + 1)3n—|—1 }

and wy(g) = min{w(i),40(n_|_1)4|_ﬁ1 .

Cn

The functional ® is a uniform modulus of uniqueness for the best L, -approximation
of any function f in C|0,1] having modulus of uniform continuity w from P,,
1.€.

Vn € N;p1,p2 € Prye € Q}
(AZL(IF = pills = disti(f, Pa) < ®(w,n,€)) = [lp1 — p2fl1 <€),

where disti(f, P,) = infpep, ||f — pli and w : Q. — Q% is a modulus of
uniform continuity for f € C[0,1] if °

vz,y € [0,1];e € Qi (|lz —y| <w(e) = [f(z) - f(y)| <e).
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PROOF MINING: A SYSTEMATIC WAY OF ANALYSING PROOFS IN
MATHEMATICS

ULRICH KOHLENBACH AND PAULO OLIVA

Abstract. We call proof mining the process of logically analyzing proofs in mathe-
matics with the aim of obtaining new information. In this survey paper we discuss, by
means of examples from mathematics, some of the main techniques used in proof mining.
We show that those techniques not only apply to proofs based on classical logic, but also
to proofs which involve non-effective principles such as the attainment of the infimum of
f € C][0, 1] and the convergence for bounded monotone sequences of reals. We also report

on recent case studies in approximation theory and fixed point theory where new results
were obtained.




(2) Vr € XVy € K (f(z,y) =0 — g(z,y) =0).

4.1. Uniqueness. Let (X,dx) and (K,dx) be Polish spaces, K compact.
The fact that a 7“-definable (and hence continuous) function f : X x K — R

for each given x € X has at most one root in K can be expressed as

=

2
UNI(f) :=Vz € X;91,92 € K()\ f(z, ) =0 — di (y1,12) = 0),

1=1

which has the form (2). The monotone functional interpretation of a uniqueness
statement of the form UNI creates a modulus ® : NN x Q% — Q7 such that

2
Vo € X;y1,12 € Ky € QL (N |F(z,3:)| < ®(z,€) — di(y1,2) < é),

1=1




4.2. Convexity. Let (X, || - ||) denote a normed linear space whose unit ball
B :={x € X : |z|| < 1} is compact (which — classically — amounts to X being
finite dimensional). From the statement that X is strictly convex

1 R R
CVX:=Vz,y € B(|[5(z +y)ll =1 = [z —yl = 0),

which is again of the form (2), monotone functional interpretation creates a
modulus 7 : Q% — Q7 satistying

|
Vz,y € Bie € Q3 (5 (@ + )| > 1-n(e) = [l — yll <e).




(1) Ve € XVy € K (f(z,y) >0 — g(x,y) > 0),

4.3. Contractivity. Let (K,d) be a compact Polish space. A function f :
K — K is defined to be contractive if'?

CTR(f) :==Vx,y € K(z #y — d(f(), f(y)) < d(z,y)),

which has the form (1). The monotone functional interpretation of the statement
that a 7“-definable f is contractive creates a modulus 7 : Q% — Q7 satisfying

Va,y € Kie € QL (d(x,y) > € — d(f(2), f(y)) +1(e) < d(z,y)).




4.5. Monotonicity. Let f : [0,1] — R be a 7*“-definable strictly increasing
(decreasing) function, i.e.,

MON(f) :=Vz,y € [0,1](z —y > 0 — f(z) — f(y) > 0),

which has the form (1). From this statement monotone functional interpretation
creates a modulus 0 : Q% — Q¥ such that

Vz,y € [0,1];e € QL(z —y > e — f(z) — fy) > d(e)),

called modulus of monotonicity. Note that the modulus of monotonicity o pro-
“
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Polynomial-time Algorithms from Ineffective Proofs

Paulo Oliva
BRICS? University of Aarhus, Denmark
pbo@brics.dk

Abstract

We present a constructive procedure for extracting
polynomial-time realizers from ineffective proofs of II;-
theorems in feasible analysis. By ineffective proof we mean
a proof which involves the non-computational principle
weak Konig’s lemma WKL, and by feasible analysis we
mean Cook and Urquhart’s system CPV* plus quantifier-

C z OC AC vz 1 11 7 7 R, 7. z - . L . : .

same property of IS} that the provably recursive functions
are polynomial-time computable. Cook and Urquhart then
developed variants of Kreisel’s modified realizability and
Godel’s functional interpretation for the system IPV“. The
latter via negative translation applies also to CPV“. Given
a proof of a II9-theorem of IPV¥ or CPV¥, these interpre-
tations provide a simple procedure for extracting from this
proof a polynomial-time algorithm realizing the theorem.
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2 \f Y?f)z‘ < wz|
B(Y,W,z) = or |w,| # |2 (2)
B(Y,W,z1) otherwise,

Theorem 5.1 The theory CPV¥ + QF-AC + II9-WKL"
has a functional interpretation (via negative translation) in

IPV¥ + BND + (2).

Lemma 4.4 Lett|z,a| be aterm of L(IPVY)U{B} of type
N, having as only free-variables x and o, such that (for sim-
plicity) B is always applied to zero on the third argument.
Then, there exists a polynomial-time computable function h
(with 0-1 oracle) such that for all input x and for all 0-1

oracles a, h(x,a) = t|x, a.
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On the Relation Between Various Negative Trans-
lations

Gilda Ferreira* and Paulo Oliva’

Several proof translations of classical mathematics into intuitionistic (or even
minimal) mathematics have been proposed 1n the literature over the past cen-
tury. These are normally referred to as negative translations or double-negation
translations. Amongst those, the most commonly cited are translations due to
Kolmogorov, Godel, Gentzen, Kuroda and Krivine (in chronological order).
In this paper we propose a framework for explaining how these different trans-
lations are related to each other. More precisely, we define a notion of a (mod-
ular) simplification starting from Kolmogorov translation, which leads to a
partial order between different negative translations. In this derived ordering,
Kuroda, Krivine and Godel-Gentzen are minimal elements. A new minimal
translation is introduced.




Bar Recursion



MODIFIED BAR RECURSION AND CLASSICAL DEPENDENT
CHOICE

ULRICH BERGER AND PAULO OLIVA

Abstract. We introduce a variant of Spector’s bar recursion in finite types (which
we call “modified bar recursion”) to give a realizability interpretation of the classi-
cal axiom of dependent choice allowing for the extraction of witnesses from proofs of
Vd-formulas in classical analysis. As another application, we show that the fan func-
tional can be defined by modified bar recursion together with a version of bar recursion
due to Kohlenbach. We also show that the type structure M of strongly majorizable
functionals is a model for modified bar recursion.
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Selection Functions, Bar Recursion, and
Backward Induction

Martin Escardé! and Paulo Oliva?

L University of Birmingham, Birmingham B15 2TT, UK.
> Queen Mary University of London, London E1 /NS, UK

Received November 11, 2009

Bar recursion arises in constructive mathematics, logic, proof theory and higher-type
computability theory. We explain bar recursion in terms of sequential games, and show
how it can be naturally understood as a generalisation of the principle of backward

induction that arises in game theory. In summary, bar recursion calculates optimal plays
e —— e ———— e e e e ——— e e e ———————————————————————————— e — e S —



2015

BAR RECURSION AND PRODUCTS OF SELECTION FUNCTIONS

MARTIN ESCARDO AND PAULO OLIVA

Abstract. We show how two iterated products of selection functions can both be used 1in conjunction
with system 7 to interpret, via the dialectica interpretation and modified realizability, full classical analysis.
We also show that one iterated product 1s equivalent over system 7 to Spector’s bar recursion, whereas
the other 1s T-equivalent to modified bar recursion. Modified bar recursion itself 1s shown to arise directly
from the iteration of a different binary product of ‘skewed’ selection functions. Iterations of the dependent

binary products are also considered but 1n all cases are shown to be T-equivalent to the iteration of the
simple products.
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DEFINITION 3.1 (Functional Interpretation). The interpretation associates to

each formula A € L(HAY) (by induction on the logical structure of A) another
formula (A)P of the form JaVyAp(z,y), where Ap is quantifier free, in the
following manner:

AP := A, for atomic formulas A,
and assuming AP = JzVyAp(z,y) and BP = 32VwBp(z,w) we define

(A A B)D = E'ZE, sz, ’LU(AD(ZC, y) A BD(Z7 w)):

(AV B)? :=3p°3z, 2Vy,w((p = 0 — Ap(z,y)) A (p # 0 — Bp(z,w))),

(A — B)P :=3¥,Vz, w(Ap(z, Pzw) — Bp(Vz,w)),

(32zA(2))P = 3z, 2VyAp(z, vy, 2),

(VzA(2))P := 3WVz,yAp(V2,y, 2),
where the types of ¥ and ® can be inferred. We define -A as A — 0 =1.

Using the relation >*, the monotone functional interpretation (m.f.i.) of a
formula A (having functional interpretation dz?Vy™ Ap(x,y)) is defined as

dr*dr <) x*VyAp(z,y).



Bounded Functional Interpretation

Fernando Ferreira 1!

2 Departamento de Matemadtica, Universidade de Lisboa, P-1749-016 Lisboa,
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Paulo Oliva P2
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Abstract

We present a new functional interpretation, based on a novel assignment of formulas.
In contrast with Godel’s functional “Dialectica” interpretation, the new interpre-
tation does not care for precise witnesses of existential statements, but only for
bounds for them. New principles are supported by our interpretation, including (a
version of ) the FAN theorem, weak Konig’s lemma and the lesser limited principle
of omniscience. Conspicuous among these principles are also refutations of some
laws of classical logic. Notwithstanding, we end up discussing some applications of
the new interpretation to theories of classical arithmetic and analysis.
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Unifying Functional Interpretations

Paulo Oliva

Abstract This article presents a parametrized functional interpretation. De-
pending on the choice of two parameters one obtains well-known functional in-
terpretations such as Godel’s Dialectica interpretation, Diller-Nahm’s variant of
the Dialectica interpretation, Kohlenbach’s monotone interpretations, Kreisel’s
modified realizability, and Stein’s family of functional interpretations. A func-
tional interpretation consists of a formula interpretation and a soundness proof.
I show that all these interpretations differ only on two design choices: first, on
the number of counterexamples for A which became witnesses for —A when
defining the formula interpretation and, second, the inductive information about
the witnesses of A which 1s considered in the proof of soundness. Sufficient
conditions on the parameters are also given which ensure the soundness of the
resulting functional interpretation. The relation between the parametrized inter-
pretation and the recent bounded functional interpretation is also discussed.
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Unifying Functional Interpretations

Paulo Oliva
ANBpY = |AlS AN|BJY,
AV Blpor = |AlY Va |Bly,
[A— BlLY, = VyCgzw|Alf — B[]
VAR, = AR
JzA(2)[5% = |A(2)|F
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