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Flow and Counter-Flow
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Pair of functions ( f, b) : (A+ → B+) × (A+ × B− → A−)

Relation A ⊆ A+ × A−

Flow and Counter-Flow

A B
 f

b
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Gödel’s Dialectica Interpretation
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Neural Networks and Back Propagation
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Games
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Games
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The  Game¬A
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The  Game¬A
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Game ¬A ⊆ (A+ → A−) × A+



Selection Monad and Higher-Order Games Paulo Oliva20

The  Game¬¬A

Game ¬¬A ⊆ ((A+ → A−) → A+) × (A+ → A−)

(X → R) → X

selection functions
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Selection Functions and Quantifiers

ε : (X → R) → X selection function

φ : (X → R) → R quantifier

φ(p) = p(ε(p)) attainability



Selection Monad and Higher-Order Games Paulo Oliva22

Selection Functions and Quantifiers

ε : (X → ℝ) → X selection function

∃ : (X → 𝔹) → 𝔹 quantifier

∃(p) = p(ε(p)) attainability
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Selection Functions and Quantifiers

argmax: (X → ℝ) → X selection function

max : (X → ℝ) → ℝ quantifier

max(p) = p(argmax(p)) attainability
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Selection and Continuation Monad

JRX = (X → R) → X selection monad

KRX = (X → R) → R continuation monad

ηK
X : X → KRX

βK
X : KRX → (X → KRY) → KRY

ηJ
X : X → JRX

βJ
X : JRX → (X → JRY) → JRY
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Tensor of Quantifiers and Selection Functions 

⨂ : JRX × JRY → JR(X × Y)

We can compose selection functions and quantifiers!

⨂ : KRX × KRY → KR(X × Y)



Higher-Order Games
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Higher-Order Game

outcomesR possible moves 
at round iXi

q : ΠiXi → R outcome function 
(outcome given a play)

φi : (Xi → R) → R quantifiers 
(preferred outcome given context)
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Higher-Order Game

outcomesR

movesXi

q : ΠiXi → R outcome function

φi : (Xi → R) → R goal functions

(⨂φi)(q)

optimal outcome

(⨂εi)(q)

optimal strategy



Monadic Strategies
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Selection Monad Transformer

JRX = (X → R) → X selection monad

JT
R X = (X → R) → TX … also a monad

Given any monad  such that  is a -algebra ( )…TX R T α : TR → R
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Recent & Current Work

• Recent work:  

• Use of powerset monad for interpretation of countable choice via 
Herbrand interpretation 

• Extension of the framework to deal with dependent types 

• Current work: 

• Probability monad: Sub-optimal or irrational players 

• Reader monad: Alpha-beta pruning
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