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Composition of Programs

Program
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Composition of Proofs
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Flow and Counter-Flow



values, data, witnesses, ...
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values, data, witnesses, ...

control, counter-examples, ...
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UBER EINE BISHER NOCH NICHT BENUTZTE
ERWEITERUNG DES FINITEN STANDPUNKTES

von Kurt GODEL, Princeton

P. Bernays hat wiederholt darauf hingewiesen !, dass angesichts
der Tatsache der Unbeweisbarkeit der Widerspruchsfreiheit eines

Systems mit geringeren Beweismitteln als denen des Svsteme selhst

eine Uberschreitung des Rahmens der im Hilbertscl
Mathematik notig ist, um die Widerspruchsfreiheit
Mathematik, ja sogar um die der klassischen Z:
beweisen. Da die finite Mathematik als die der ans
denz definiert ist 2, so bedeutet das (wie auch von E
seignement mathématique, 34 (1935), p. 62 und 69, ex
wurde), dass man fiir den Widerspruchsfreihei’csbe\l
theorie gewisse abstrakle Begriffe braucht. Dabei

dialectica

Volume 12, Issue 3-4
December 1958
Pages 280-287




Flow and Counter-Flow

—

RelationA C AT X A~

Pair of functions (f,b): (AT - BTY) X (AT X B~ — A7)
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~.b(a", by(fi(a"),c7))
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Godel’s Dialectica Interpretation

candidate witnesses

possible refutations

o8
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Neural Networks and Back Propagation

loss function

gradients

o8

Selection Monad and Higher-Order Games 15 Paulo Oliva RO UQ_ueen Mary

versity of London



Games



Play same B relative to same A

Relation A C AT X A~

Game
AT = Eloise
A~ = Abelard
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The 7 A Game
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The 7 A Game

Game " A C (AT > A7) XA™
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The 7= A Game

Game " AC (AT - AT) -5 AT)X (AT = A7)

N~—

selection functions
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Selection Functions and Quantifiers

e:(X—>R)- X

w:(X—>R)—>R

p(p) = p(e(p))

Selection Monad and Higher-Order Games 21 Paulo Oliva %Qf Queen Mary

University of London



Selection Functions and Quantifiers

e X->R)—-> X

1: (X > B) - B

3(p) = p(e(p))
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Selection Functions and Quantifiers

argmax:. (X - R) - X

max : X - R) - R

max(p) = p(argmax(p))
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Selection and Continuation Monad

X=X—-R)—- X

K. X=(X—R) >R

77X X - KpX n)‘é:X—M/RX

PE KX — (X — KpY) » KY Pyt JpX = (X = JRY) = JpY
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Tensor of Quantifiers and Selection Functions

X : KX x Kg¥ — Kg(X X Y)

X : JRX X JY — Jg(X X Y)

Selection Monad and Higher-Order Games 25 Paulo Oliva %Qf Queen Mary

University of London



Higher-Order Games



Higher-Order Game

qg: ILX. - R
p;: (X > R) —> R
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PROCEEDINGS

— Ol Proc. R. Soc. A (2011) 467, 1519-1545
THE ROYAL A doi:10.1098 /rspa.2010.0471
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Sequential games and optimal strategies

By MARTIN ESCARDO! AND PAULO OLIvAa?:*

LSchool of Computer Science, University
Birmingham B15 2TT, Ul

2School of Electronic Engineering and Compute
University of London, London E1

julesh
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This article gives an overview of recent work on the th
explain the intuition behind these higher type objects,
sequential game whose optimal strategies can be com;
selection functions. Several instances of this game are con*
as fixed point theory, topology, game theory, higher type
These examples are intended to illustrate how the fund
strategies based on products of selection functions pern

Keywords: selection function; Nash equilibrium; backw| 9:04 pp/. Sep 14, 2019
bar recursion; Tychonoff theol_ ’




Higher-Order Game

qg: ILX. — R

i (% = R) =

Ilaa
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Monadic Strategies



Selection Monad Transformer

Jp X=X—->R)—> X

Given any monad 7X such that R is a T-algebra (a¢: TR — R)...

iX=(X->R) - TX
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Recent & Current Work

 Recent work:

* Use of powerset monad for interpretation of countable choice via
Herbrand interpretation

» Extension of the framework to deal with dependent types
e Current work:
* Probability monad: Sub-optimal or irrational players

* Reader monad: Alpha-beta pruning

versity of London
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