Belief Revision:

A Computational Approach by SimonEdmundDixon

A thesis submitted in fulfilment of the requirements for the degree of

Doctor of Philosophy

Basser Department of Computer Science University of Sydney

January, 1994

Belief Revision: A Computational Approach

Copyright © 1994 by Simon Dixon

ABSTRACT

In order to reason about the real world, intelligent systems must have ways of dealing with incomplete and inconsistent information.

This issue is addressed in the study of nonmonotonic reasoning, truth maintenance and database update. Belief revision is a formal approach which is central to these areas. This thesis describes a computational approach to the logic of belief revision developed by

Alchourrón, Gärdenfors and Makinson (AGM), culminating in the first implementation of an AGM belief revision system. The implementation is based on classical first-order logic, and for any finitely representable belief state, it efficiently computes expansions, contractions and revisions satisfying the AGM postulates for rational belief change. The epistemic state is represented by a finite entrenchment base, from which the full belief set may be derived by logical closure, and the entrenchment relation can be generated via the construction of a unique most conservative entrenchment. The entrenchment construction is motivated by considerations of evidence and by connections with truth maintenance and nonmonotonic reasoning. A minimal change policy is presented as the solution to the entrenchment revision problem. The belief change algorithms and design decisions are described in detail, with examples of the system’s operation on some standard problems in the AI literature. Two extensions of the system are also described: firstly, an entrenchment generation algorithm which allows the AGM system to simulate the behaviour of the assumption-based truth maintenance system (ATMS); and secondly, a modification to the most conservative entrenchment in order to implement nonmonotonic reasoning using defaults with exceptions. iii

ACKNOWLEDGEMENTS

I wish to thank my supervisor, Norman Foo, for getting me started in belief revision and providing direction and ideas all along the way; Wayne Wobcke, my associate supervisor, for ironing out many technical flaws in my work; the rest of the Knowledge

Systems Group, particularly Maryanne Williams and Pavlos Peppas for their suggestions and criticism, and Maurice Pagnucco for his library of papers and his proof-reading.

Recreational breaks on campus (squash, bridge and music) were provided by Dean, Groo, Paul, Morri, Mike, Rex, and Boon Toh.

These either preserved my sanity or impeded my progress. Thanks!

The undergraduates who experienced my tutorials also provided many hours of distraction from research (mostly enjoyable), as did the other visitors to the Knowledge Systems Laboratory. Telephone calls (and occasional visits) were courtesy of Leonie and Nicola.

Off-campus distractions were organised by The White Boys

(blues), Cross Street (a cappella), and The Remnant (rock).

Mudcake was supplied by Exclusive Cheesecakes, kebabs by

Rowda’s, and nachos by Dean’s. Wisdom was supplied by Andrew

Kitchen, Bryen Willems and Mark Maguire. A special mention must go to Mike Howell, who is my only friend who thought I should not do a PhD (and had the courage to say so). Other friends cannot go unmentioned: Adrian, Alvin, Annie, Antony, Ben, Dave,

John, Katrin, M.C., Mick, Ming, Paul, Susan and Tim.

My family were always willing to help in any way they could, and their love is very much appreciated.

This work was supported financially by an Australian Postgraduate

Research Award, plus other grants, travel allowances, and scholarships from the Australian Research Council, IJCAI Inc., the

Knowledge Systems Group, Computer Science Department, and the

University of Sydney.

"Of making many books there is no end, and much study wearies the body." – Ecclesiastes 12:12 iv

CONTENTS

1. Introduction . . . . . . . . . . . . . . . . . . . . . 1

1.1 The Foundational and Coherence Theories of Justification . . . . . . . . 2

1.2 Introduction to AGM Belief Revision . . . . . . . . . . . . . 4

1.3 Overview of the Thesis . . . . . . . . . . . . . . . . . 6

2. Overview of Belief Revision Models . . . . . . . . . . . . . . 9

2.1 The AGM Belief Revision Paradigm . . . . . . . . . . . . . 9

2.2 Constructive Modellings for AGM Belief Revision . . . . . . . . . . 14

2.3 Theory Base Approaches to Belief Revision . . . . . . . . . . . 20

2.4 Model-Theoretic Approaches to Belief Revision . . . . . . . . . . 29

2.5 Conditional Functions and Iterated Belief Change . . . . . . . . . . 30

2.6 Summary . . . . . . . . . . . . . . . . . . . . . 33

3. A Computational Approach to AGM Belief Revision . . . . . . . . . 34

3.1 The Representation of Belief States . . . . . . . . . . . . . . 36

3.2 Most Conservative Entrenchments . . . . . . . . . . . . . . 37

3.3 Conservatism and Independence of Beliefs . . . . . . . . . . . . 40

3.4 Entrenchment Revision . . . . . . . . . . . . . . . . . 42

3.5 Summary . . . . . . . . . . . . . . . . . . . . . 45

4. Algorithms for AGM Belief Revision . . . . . . . . . . . . . 47

4.1 Determination of Rank . . . . . . . . . . . . . . . . . 48

4.2 Expansion . . . . . . . . . . . . . . . . . . . . . 50

4.3 Contraction . . . . . . . . . . . . . . . . . . . . 56

4.4 Revision . . . . . . . . . . . . . . . . . . . . . 62

4.5 Summary . . . . . . . . . . . . . . . . . . . . . 66

5. A First-Order Logic AGM Belief Revision System . . . . . . . . . . 67

5.1 Internal Data Representation and Code . . . . . . . . . . . . . 67

5.2 The First-Order Logic Proof Procedure . . . . . . . . . . . . . 70

5.3 Equality . . . . . . . . . . . . . . . . . . . . . 72

5.4 Interface to the System . . . . . . . . . . . . . . . . . 75

5.5 Examples: Expansion, Contraction and Revision . . . . . . . . . . 76

5.6 Further Examples: Conditional Queries and Inheritance Networks . . . . . . 78

5.7 Summary . . . . . . . . . . . . . . . . . . . . . 81

6. Belief Revision and Truth Maintenance . . . . . . . . . . . . . 82

6.1 The ATMS . . . . . . . . . . . . . . . . . . . . 83

6.2 ATMS Algorithm 1: Explicit Entrenchment Generation . . . . . . . . 89

6.3 ATMS Algorithm 2: Conservative Entrenchment Generation . . . . . . . 96

6.4 Implementing the Algorithms . . . . . . . . . . . . . . . 100

6.5 Extensions to the ATMS . . . . . . . . . . . . . . . . . 102

6.6 Foundational Reasoning . . . . . . . . . . . . . . . . . 103

6.7 Summary . . . . . . . . . . . . . . . . . . . . . 105

7. Belief Revision and Nonmonotonic Reasoning . . . . . . . . . . . 107

7.1 Theoretical Connections . . . . . . . . . . . . . . . . . 107

7.2 A Belief Revision Approach to Nonmonotonic Reasoning . . . . . . . . 108

7.3 A Revision Operation for Nonmonotonic Reasoning . . . . . . . . . 111

7.4 Examples: Benchmark Problems in Nonmonotonic Reasoning . . . . . . 113

7.5 Discussion and Comparison with Related Work . . . . . . . . . . 118

7.6 Summary . . . . . . . . . . . . . . . . . . . . . 120

8. Conclusion . . . . . . . . . . . . . . . . . . . . . 121

8.1 Further Work . . . . . . . . . . . . . . . . . . . . 123v

APPENDICES

A. Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . 127

B. The Correctness of the Expansion Algorithm . . . . . . . . . . . 130

C. The Correctness of the Contraction Algorithm . . . . . . . . . . . 134

D. The Correctness of the Revision Algorithm . . . . . . . . . . . . 138

E. The Correctness of ATMS_Algorithm_1 . . . . . . . . . . . . . 140

F. The Correctness of ATMS_Algorithm_2 . . . . . . . . . . . . . 148

G. References . . . . . . . . . . . . . . . . . . . . . . 154 vi

1Introduction

Artificial intelligence

(AI)hasbeen defined as"thestudy ofideas thatenable computers tobeintelligent"

[Winston

1984] and"thestudy ofintelligent behaviour"

[Genesereth

&Nilsson

1987].

These definitions arecircular, inthattheyrelyonanimplicit understanding ofthenature ofintelligence itself.

Computer systems have been builtwhich aresupposed todisplay intelligent behaviour, buthowcansuchbehaviour becategorised orrecognised asintelligent?

Onedefinition is"thecapacity toacquire andapply knowledge", anditiswiththisdefinition inmind thatweintroduce thetopic ofthisthesis:

belief revision.

Thestudy ofbelief revision isofcentral concern inartificial intelligence, asitinvolves therational acquisition andapplication ofknowledge inreasoning about theworld.

Inphilosophy, ispartofthetopic ofepistemology, thestudy andorigin ofknowledge;

although weareconcerned withbeliefs andtheiracceptance rather thanknowledge andtruth.

Foracomputer system knowledge successfully, there must beasuitable method ofrepresenting theknowledge sothatitmaybestored, retrieved andmanipulated inanefficient manner.

Many representation formalisms proposed, butthere areother problems inknowledge apart from finding anadequate formalism.

Ourbeliefs theworld canbeincomplete, sothatwedonotknow enough tocome tothecorrect conclusion, either because weareunaware ofcertain facts, orelseourbeliefs arenotsufficiently precise todistinguish between similar alternatives.

Asecond problem, incorrect beliefs, canbecaused byafaulty observation, anerror incommunication, ordeceit onthepartoftheinformation source.

Thirdly, beliefs canbeinappropriate toaparticular situation when wefailtoobserve anaction orevent thatalters theworld, orelseweareunaware oftheramifications oftheaction orevent, sothatbeliefs which were once correct nolonger reflect thetruestateofaffairs intheworld.

Thus ourbeliefs constantly change asweacquire newinformation more orlessreliable sources.

Hence theneed forbelief 1

2 Belief Revision: A Computational Approach

1.1 The

Foundational andCoherence

Theories ofJustification

Before introducing belief revision, wepresent adescription ofthetwomain philosophical views ofhowknowledge maybejustified

[Pappas

&Swain

1978].

These arebestillustrated bytwometaphors from

[Sosa

1980]:

"Forthefoundationalist every piece ofknowledge stands attheapex ofapyramid thatrestsonstable andsecure foundations whose stability andsecurity doesnotderive theupper stories orsections.

Forthecoherentist abody isafree-floating raftevery plank ofwhich helps directly orindirectly tokeep alltheothers inplace, andnoplank would retain itsstatus withnohelpfrom theothers."

1.1.1 Static

Epistemic

States

Inthefoundational theory ofjustification, aproposition αisaccepted

(i.e.believed) ifandonlyif:1)αisself-evident, or2)αcanbederived asetofaccepted propositions.

Sentences fulfilling thefirstcondition arecalled foundational beliefs.

Itisassumed thattheacceptance ofthese beliefs isindisputable, since theyform thebasis ofthewhole epistemic state.

usually correspond to"hard facts", suchasobservations about thephysical world.

Thisview

(called radical foundationalism) iscriticised in[Pastin

1978], where aweaker condition ofself-warrant replaces theinfallibility requirement forfoundational

Theassumption-based truth maintenance system

[deKleer

1986] operates along these lines, withthefoundational being assumptions which canbeadded toorretracted thebelief setatanytime.

Assuming alogic-based representation ofourbeliefs, thenthesentences satisfying thesecond arethose arelogical consequences ofthefoundational

Each hasajustification

(forlogical representations thisisaproof), using arealsojustified, andtheirjustifications must inturnbebased onfurther justified beliefs;

hence setconsists ofpropositions linked bychains ofjustifications.

Toconform withtheabove definition, chains endinthe1.1 foundational beliefs;

aninfinite regression isnotallowed, norisanycircular chain ofjustifications.

Often wedistinguish between theexplicit

(foundational) beliefs andtheimplicit

(derived) beliefs, attaching agreater degree ofimportance totheexplicit

[Nebel

1990].

Ontheother hand, thecoherence theory doesnotrequire tohave aformal justification.

Instead, propositions areaccepted which improve theoverall coherence ofthebelief set.[Cornman

1978] argues thattheonlyrational non-foundational ofjustification isthecoherence theory, canbethought ofasageneralisation ofthefoundational allows cycles inthechains

Several types ofcoherence areidentified in[Thagard

1989]:

deductive isbased onthelogical consistency set;probabilistic depends onthepropositions having probability assignments areconsistent withtheaxioms ofprobability;

semantic exists when have similar meanings;

andexplanatory occurs there explanatory relationships thepropositions inthebelief set.Allexcept require some form ofextralogical information inorder tomeasure ofasetofpropositions.

Forthisreason, isalsoknown asweak coherence, whereas theother areclassed asstrong methods.

1.1.2 The

Dynamics ofEpistemic

States

Thetwotheories usually relate tostatic belief states, buttheyareapplied tobelief revision in[Harman

1986] and[Gärdenfors

1990b].

According tothefoundational should consist oftwosteps:

retracting nolonger asatisfactory justification, andadding nowdohave

Inthissense thefoundational isnonconservative, because thefactthatabelief washeldinthepasthasnobearing onitspresent status.

Therefore, infoundationalism, thecredibility ofabelief isindependent ofthehistory set.Conversely, provides aconservative approach revision, byrequiring aminimal change statethatsufficiently increases ofthebeliefs.

Thus thehistory setwilldetermine much ofitsfuture contents. 1.1

4 Belief Revision: A Computational Approach

Itisnatural toquestion atthispoint which approach ispreferable.

Intuitively, itismore rational togiveupbeliefs whose justifications have been discredited, andhence thefoundational theory seems tomodel howbeliefs ought toberevised.

ButHarman citespsychological studies show thatthecoherence iscloser indescribing what people actually dowhen revising theirbeliefs.

Summarising several suchstudies,

[Ross

&Anderson

1982] states:

"Itisclear thatbeliefs cansurvive

...thetotaldestruction oftheiroriginal evidential bases."

Themain reason forthisisthatpeople donotkeep track ofthejustifications fortheirbeliefs.

Buthuman behaviour doesnotnecessarily bearupon atheory ofrational belief revision.

In[Dixon

&Foo1992b], wepresent examples demonstrate theneed forbothstyles ofreasoning inarational revision system.

Inparticular, thecoherence isuseful forreasoning about actions orevents effects persist beyond theduration oftheaction orevent.

1.2 Introduction toAGM

Belief

Revision

Theproblem ofbelief canbesimply stated asthis:given aconsistent stateandsome newinformation, howdoweassimilate thisnewdataintoourbelief set?Some basic requirements onthisprocess arefirstly thatthenewbelief stateisconsistent;

secondly, thatthenewinformation isreflected intheresulting stateofbelief;

andthirdly, thatanyprevious beliefs

(unless contradicted) arepreserved inthenewbelief state.

Oneformal tobelief satisfies these hasbeen developed byAlchourro ń,Gärdenfors andMakinson

[Alchourro ń&Makinson

1982,

1985;

Alchourro ńetal.1985;

Gärdenfors

1988,

1990b;

&Makinson

1988;

Makinson

1985,

1987], hasbecome known astheAGM

Inthisapproach, anidealised mathematical formalism isusedforrepresenting states anddescribing theways inwhich change inthelightofnewinformation.

There arethree types intheAGM approach:

expansion, contraction andrevision.

Expansion involves theacceptance ofanewbelief without giving upanyprevious beliefs, even iftheyarecontradicted bythenewinformation.

Contraction istheconverse ofexpansion;

abelief isremoved from thebelief setandnonewbeliefs areadded.

Thethird operation, revision, addsanewbelief tothebelief setbutalsoensures thattheresulting setisconsistent, 1.2 which maymean thatsome oftheoriginal beliefs must begiven up.Each AGM belief change operation ischaracterised byasetofrationality postulates;

weshall describe afunction satisfies these postulates asa(fully) rational operation.

Thepostulates capture thebasic requirements ofbelief

–theconsistency oftheresulting state, theacceptance ofthenewinformation, andthepreservation ofprevious beliefs.

Thatis,arational isdefined tobetheminimal tothebelief setwhich consistently incorporates newinformation intothebelief set.TheAGM approach assumes alinguistic model ofbeliefs;

eachbelief isexpressed asasentence insome

(logical) language.

Then abelief setisthecollection ofallthesentences inthislanguage weaccept, orregard ascertain.

Also, stateisabelief settogether withanymetalogical epistemic attitudes, suchasapreference foronebelief overanother.

Weshall usetheterms stateandepistemic stateinterchangeably.

thetermbelief revision isusedintwosenses:

firstly, asageneric termequivalent tobelief change;

andsecondly, asaspecific operation, asopposed toother operations suchasexpansion andcontraction.

Theappropriate meaning willbeclear from thecontext.

Atafirstglance, theAGM seem todefine acoherence-based revision, asthebelief compute theminimal changes arerequired tosuccessfully assimilate thenewinformation whilst retaining thelogical consistency ofthebelief set;thissatisfies thedefinition ofweak coherence.

Butweshow inchapter

6thattheextralogical information provided bytheentrenchment relation issufficient toobtain foundational behaviour logic.

Coherence-based canalsobeachieved byadifferent choice ofentrenchment

[Dixon

&Foo1992b].

Therefore, issufficiently versatile forreasoning according toeither thefoundational orcoherence theories ofjustification.

Oneidealisation oftheAGM isthatthebelief setisassumed tobelogically closed.

Thatis,thebelief setcontains allofitslogical consequences.

Ifthebelief functions areinterpreted asmodelling arational agent, thenthisassumption corresponds totheagent being logically omniscient. 1.2

6 Belief Revision: A Computational Approach

There areseveral constructive modellings ofAGM belief change operations, based onapreference relation onthebelief set(epistemic entrenchment andsafety relations), apreference onmaximal consistent setsofformulae inthelanguage

(systems ofspheres), oraselection function subsets ofthebelief set(transitively relational partial meet contraction andrevision functions).

Allofthese have thesame problem thattheydonotpresent anyfinite algorithmic method ofcomputing operations.

Alternative formalisms using theory bases instead ofbelief setshave been proposed;

these alsousepreference relations

(comparative retractability,

E-bases, most conservative entrenchments, ensconcements, database priorities, epistemic relevance andprioritized bases).

Although approaches canbeusedtodefine afinite representation forbelief states, none define acomputational approach tobelief revision which satisfies theAGM rationality postulates.

Similarly, themodeltheoretic donotprovide account revision.

1.3 Overview oftheThesis

Theprimary contribution ofthisthesis isthedevelopment ofacomplete computational toAGM revision, including formalisms, algorithms, aworking implementation, andtheapplication ofthese algorithms tosolve problems infields outside

Inchapter

2,wepresent asummary ofsome formal

TheAGM framework ispresented, interms oftherepresentation asetofrationality postulates change, andanumber ofconstructive operations satisfy postulates, suchasepistemic entrenchment.

Then several alternative arepresented which, forthesakeofcomputational orrepresentational efficiency, donotsatisfy alloftheAGM

These methods arecompared andcontrasted withtheAGM approach, identifying thestrengths andweaknesses ofeachapproach.

Weconclude thatonedeficiency isthelackofacomputational model revision;

therestofthethesis addresses thisissue. 1.3

Inchapter

3,wedescribe ourcomputational approach toAGM belief revision, addressing fourmain theoretical issues.

Thefirstissue isfinding anefficient andclear representation ofbelief states which canbeusedinacomputational setting.

Thesecond issue isdefining amethod ofgenerating anAGM epistemic entrenchment relation from afinite representation.

Thirdly, wediscuss thatis,howtheentrenchment ismodified bybelief change operations.

Thepolicy adopted forentrenchment revision isbased onthecoherentist principle ofminimal change, isabasic tenet oftheAGM paradigm.

Finally, therelationship between coherentism andthe(usually tacit) assumption ofindependence ofbeliefs, anddescribe itsinfluence onthechoice policy.

Thefourth chapter contains asetofalgorithms usedincomputing AGM operations, based ontherepresentations developed inchapter

3.Wedescribe algorithms fordetermining rank(thefinite ofentrenchment), thethree operations

(expansion, contraction andrevision), plussome variations onthese thebelief literature.

Each algorithm isdiscussed indetail andillustrated withexamples.

Wealsodevelop formal correctness conditions fortheoperations ensure thattheminimal policy isfollowed, andformally prove thatthealgorithms conform tothese specifications.

Complexity considerations forthealgorithms arealsoaddressed inthischapter, andweshow thatifwechoose alogic withatractable decision procedure forderivability, thenthebelief willalsobetractable.

Chapter

5describes theimplementation details ofafirst-order logic system, including design decisions, datastructures, thetheorem proving procedure, theuserinterface, andseveral examples ofitsoperation.

Thetheorem prover onordered linear resolution

[Chang

&Lee1973], andisextended tohandle theequality predicate byadding aparamodulation stepwhich isequivalent totwoordered steps.

Wealsodescribe ensures termination ofthetheorem butsacrifices thecompleteness ofthedecision foranidentifiable class ofcases.

Theexamples demonstrate theuseofthestandard aswellasthequeries ofthebelief setandtheentrenchment relation, andaconditional query isevaluated according totheRamsey

Testforconditionals

[Ramsey

1931]. 1.3

8 Belief Revision: A Computational Approach

Thenexttwochapters illustrate theapplication ofbelief revision toother forms ofdynamic reasoning.

Inchapter

6,wediscuss therelationship between belief andtruth maintenance, showing thatitispossible todefine anentrenchment generation andrevision algorithm which allows theAGM system tooperate asatruth maintenance system.

Wegivetwoalgorithms forsimulating thebehaviour oftheassumption-based truth

(ATMS)

[deKleer

1986], proving them correct relative toafunctional specification oftheATMS.

TheATMS waschosen because itisthemost widely useddynamic reasoning isbased onthefoundational theory ofjustification, andthisresult demonstrates tousetheepistemic entrenchment relation toencode foundational information.

Thisiscontrary totheusual view oftheAGM approach being based onthecoherence ofjustification.

Thechapter concludes withatheoretical analysis ofthegeneral relationship andfoundational reasoning, andgives theconditions under canbeperformed using AGM revision.

Theother application, tononmonotonic ispresented inchapter

7,where theimplementation ofanonmonotonic ontheAGM isdescribed.

Thesystem reasons about defaults withexceptions, andusesamodified version oftherevision from chapter

4.After discussing thetheoretical issues anddesign decisions, weillustrate theuseofthesystem onanumber ofbenchmark problems thenonmonotonic literature

[Lifschitz

1989], andcompare thesystem withother approaches

Thefinalchapter summarises theresults contained inthethesis andoutlines some directions forfurther research.

Some material hasbeen published;

parts ofchapters

3,4and5appear in[Dixon

1993] and[Dixon

&Wobcke

1993], thefirstalgorithm ofchapter

6ispresented

&Foo1992a, andchapter

7contains jointwork

[Dixon

1994].

Also, ofthediscussion

2and6firstappeared

&Foo1992b]. 1.3

92OverviewofBeliefRevisionModelsInthischapterwepresentasurveyofthetheoryofbeliefrevisioninartificialintelligence.WewillmainlyfocusontheAGMparadigm,whichisdefinedbyasetofrationalitypostulates[Alchourrónetal.1985,Gärdenfors1988],andisalsocharacterisedbyseveralconstructivemodellingsforexpansion,contractionandrevision.Thepostulatesprovideanon-constructiveapproachtobeliefrevision,astheydonotdefineauniquesetofbeliefchangeoperations.Someconstructiveapproachesarepresented,includingepistemicentrenchment[Gärdenfors&Makinson1988],systemsofspheres[Grove1988],safecontraction[Alchourrón&Makinson1985]andconditionalfunctions[Spohn1988].Alloftheseapproachesarenon-computational,astheydonotprovideanalgorithmicmeansofrevisingfiniterepresentationsofbeliefstates.Nevertheless,theyprovideatheoreticalfoundationforidealisedrationalbeliefchange,towhichacomputationalmodelshouldaspire.WenowpresentabriefoutlineofAGMbeliefrevisionfollowedbyseveralvariantsoftheAGMapproachtobeliefrevision.2.1 TheAGMBeliefRevisionParadigm2.1.1 BeliefSetsThefirstissuewhichmustbeaddressedindevelopingatheoryofbeliefrevisionisthemethodofrepresentingthebeliefsofanagent.Themostcommonmethod,particularlyincomputationalsettings,isbyasetofsentencesinalogicallanguageL.Thebeliefsetisintendedtorepresentthesetofallsentencesacceptedbytheagent,thatisallsentenceswhicharebelievedtobetrue.WeshalldenotethebeliefsetbythesymbolK.AssumethelogicallanguageLcontainsthestandardlogicalconnectives:negation(¬),conjunction(∧),disjunction(∨)andmaterialimplication(→);plusthetwo2.1

10 Belief Revision: A Computational Approach

constants truth

(T)andfalsity

(⊥).Inaconsistent belief state, there arethree possible epistemic attitudes towards asentence α:(1)αisaccepted

(α ∈ K)

(2)αisrejected (¬α ∈ K) (3)αisindetermined

(α ∈/ Kand¬α ∈/ K)Abelief setinwhich αand¬αarebothaccepted isinconsistent, andhence itisdisallowed inmodelling states.

Also, foranagent tobeideally rational, itmust believe alloftheconsequences ofitsbeliefs.

These criteria maynotbesuitable formodelling realistic agents, which donothave thisproperty oflogical omniscience, buttheyareuseful indefining ideally rational sets.Hence thedefinition ofabelief setrelies heavily onthelogical consequence relation, weshall denote bythesymbol

|−.IntheAGM framework, thelogic isassumed tocontain classical propositional logic, satisfy thededuction theorem, andbecompact.

Thesetofallconsequences ofasetK,denoted

Cn(K),isdefined by{α : K

|− α}.Theabove twoconditions canthenbeexpressed bythefollowing definition

[Gärdenfors

1988]:

AsetKofsentences isa(nonabsurd) setifandonlyif:(1)K |−/ ⊥,and(2)K = Cn

(K).Theabsurd setisdenoted

K⊥,andcontains allsentences inthelanguage.

Thisdefinition setcorresponds tothedefinition ofatheory inlogic, andnonabsurd setscorrespond toconsistent theories.

2.1.2 AGM

Belief

Change

Operations

TheAGM framework ischaracterised bythree ways ofchanging thebelief state:

expansion, contraction andrevision.

Each ofthese operations models anidealised choice ofbeliefs inthelightofnewinformation mayormaynotbeconsistent withcurrent beliefs.

There aresixpossible theepistemic attitude maychange between thethree accepted, rejected, andindetermined.

oftheAGM change captures twoofthese types. 2.1

Inanexpansion, theattitude towards asentence αischanged from indetermined toaccepted

(expansion byα)orrejected by¬α).Thisoperation iscalled expansion because either αor¬αisadded tothebelief setK,andnone oftheoldbeliefs areretracted.

Expansion ofKbyαisdenoted

Kα+.[Gärdenfors

1988] shows thattheminimal change operation which accepts anewbelief without removing anyoftheoldbeliefs isgiven by:Kα+ = Cn

(K ∪ {α})

.Bythisdefinition, theexpansion succeeds regardless ofwhether ornotthenewbelief αisconsistent withK.Thatis,expansion isdefined even when theepistemic attitude thenewsentence isalready determined. If¬α ∈ K, thentheexpansion

Kα+results intheinconsistent belief setK⊥;otherwise isguaranteed toreturn aconsistent minimal setcontaining

Kandα.Thesecond typeofepistemic iscontraction, occurs abelief αchanges accepted

(contraction by¬α)toindetermined.

Nonewsentences areadded set,sothecontracted setisalways asubset oftheinitial setK.Thecontraction ofabelief setKbyαisdenoted

Kα−.Unfortunately, there isnodefinition ofaunique contraction inpurely logical andset-theoretic terms, since isachoice ofwhich orbeliefs toretract αisderivable acombination ofother beliefs.

Inthenextsubsection, wedescribe thepostulates forarational operation, andtheninthefollowing section show howapreference relation canbeusedtodefine aunique operation.

Therevision covers thefinaltwotypes ofepistemic change, torejected

(revision by¬α)orfrom rejected byα).Therevision withrespect isnewly accepted, sothatKα*denotes theacceptance ofthepreviously sentence α.Inthecasewhere

¬α ∈/ K,therevision collapses toanexpansion andwhen α ∈ K, itisthetrivial expansion, leaving

Kunchanged.

Likecontraction, revision cannot bedefined using aselection function orpreference relation, weshall describe inthefollowing section. 2.1

12 Belief Revision: A Computational Approach

2.1.3 Rationality

Postulates

Thefollowing postulates forcontraction andrevision

[Alchourro ńetal.1985] define fully rational contraction functions.

Thefirstsixpostulates foreachoperation areknown asthebasic postulates, andtheremaining twoasthesupplementary postulates.

Thepostulates areasfollows:

(K-1) K α− = Cn (Kα−)(K-2) K α− ⊆ K(K-3) If α ∈/ KthenKα− = K(K-4) If

|−/αthenα ∈/ Kα−(K-5) K

⊆ (K α−)α+(K-6) If |− α ↔ β thenKα− = Kβ−(K-7) K α− ∩ Kβ− ⊆ Kα∧β−(K-8) If α ∈/ Kα∧β−thenKα∧β− ⊆ Kα−Thefirstpostulate requires thecontraction operation topreserve logical closure;

thesecond postulate ensures thatnonewsentences areadded tothebelief set;and(K-3) defines thetrivial

–thebelief setisunchanged byanattempt toretract asentence which doesnotoccur inthebelief set.Postulate

(K-4), the"success postulate", states thataretracted belief cannot remain set,unless itisalogical theorem.

(K-5), known asthe"recovery anotion ofminimal change, whereby allbeliefs removed bythecontraction ofαcanbereplaced byasubsequent expansion byα.Thispostulate hasreceived some criticism

[Makinson

1987,

Fuhrmann

1991,

Niedere é1991,

Hansson

1991] butitappears tobesuitable fortheidealised situation ofreasoning withclosed theories, ifnotfortheirfinite counterparts.

Thesixth thatcontractions bylogically equivalent formulae yield thesame results.

Thesupplementary relationships between Kα∧β−andKα−.(K-7) thatretracting thesentence α ∧ β from

Kcannot remove anymore sentences thanareremoved byatleastoneofthecontractions

Kα−andKβ−.Inother words, thebeliefs remaining inbothKα−andKβ−must becontained inKα∧β−.Finally,

(K-8) isaconditional converse of(K-7);

iftheremoval ofα ∧ β forces αtoberemoved, thentheremoval canbenostronger thantheremoval ofthelogically weaker sentence α.Thetwosupplementary addtotheconcept change defined bythebasic 2.1

Thefollowing arethepostulates forrevision:

(K*1) K α* = Cn

(Kα*)(K*2) α ∈ K α*(K*3) K α* ⊆ Kα+(K*4) If

¬α ∈/ KthenKα+ ⊆ Kα*(K*5) K α* = K ⊥onlyif|− ¬α(K*6) If |− α ↔ β thenKα* = Kβ*(K*7) K α∧β* ⊆ (K α*)β+(K*8) If

¬β ∈/ Kα*then(Kα*)β+ ⊆ Kα∧β*Therevision operation alsopreserves logical closure

(K*1);

itmust alsobesuccessful, thatis,thesentence αbywhich wearerevising thebelief setKmust always appear intherevised belief setKα*,bypostulate

(K*2).

Thirdly, noextra sentences areadded tothebelief setexcept those which arelogical consequences ofthenewsentence αandthebelief setK.By(K*4), theconverse applies forarevision byasentence αwhich isconsistent withK,sothatnosentences areremoved from set,inwhich casetherevision isequivalent toanexpansion.

(K*5) ensures thatrevision results inaconsistent set,unless theoperation specifically introduces alogically inconsistent sentence intothebelief set.Likecontraction, revision respects equivalence, by(K*6).

Finally, thesupplementary postulates define arelationship between therevisions bythelogically dependent formulae αandα ∧ β. Thejustification forthese isthattheminimal change required toaccommodate bothαandβinKshould bethesame astheexpansion ofKα*byβ,inthecasewhere theexpansion isconsistent, thatis,¬β ∈/ Kα*.Thisrelationship issplitintotwocontainment conditions.

Theconsistency check isnotnecessary in(K*7), since if¬β ∈ K α*,then(Kα*)β+ = K

⊥,which trivially contains allother sets.Therationality forrevision bearaveryclose resemblance tothose forcontraction.

Onereason forthisisthatthetwooperations areinterdefinable bythefollowing identities:

Leviidentity: K α* = (K ¬α−)α+Harper identity:

Kα− = K ∩ K¬α*Ithasbeen shown

[Alchourro ńetal.1985], thatifacontraction function satisfies thefirstsixpostulates forcontraction,

(K-1)

–(K-6), thentherevision defined 2.1

14 Belief Revision: A Computational Approach

bytheLeviidentity satisfies postulates

(K*1)

–(K*6).

Furthermore, ifthecontraction function alsosatisfies

(K-7), thentherevision

(K*7), andsimilarly ifalleight contraction aresatisfied, thenthecorresponding revision alleight forrevision.

Theconverse alsoholds forcontraction functions defined byrevision viatheHarper identity

–thefirstsix,seven oreight aresatisfied bytheresulting operation when therevision thefirstsix,seven

(respectively) postulates.

2.2 Constructive

Modellings forAGM

Belief

Revision

2.2.1 Epistemic

Entrenchment

Asstated previously, logical andset-theoretic arenotsufficient todefine unique orrevision operations.

Thepostulates define theclass ofrational belief change functions, butdonotprovide anywayofchoosing aparticular orcontraction function.

Tochoose between thevarious operations, theAGM model usesextralogical information intheform ofanepistemic entrenchment relation

[Gärdenfors

&Makinson

1988].

Thebasis fortheconcept ofepistemic isthatsome propositions inabelief setaremore useful ormore important thanothers forreasoning.

Weshall saythatsuchsentences have ahigher degree entrenchment, andassume thatthiswillinfluence ourchoice ofcontraction andrevision functions.

Ifthisentrenchment istobeuseful, wemust beabletodetermine therelation independently ofthebehaviour ofaparticular operation.

Then thebelief canbedefined from theentrenchment suchthatthesentences inthebelief setwithlower entrenchments aregiven upinpreference tosentences withhigher entrenchments.

Degrees ofentrenchment arenotmeasured quantitatively, butonlyrelative toother degrees ofentrenchment.

Foranytwosentences αandβinL,wedefine thefollowing symbols fortherelation

≤E:α ≤E βdenotes thatβisatleastasepistemically entrenched asα;α <E βifandonlyifα ≤E βandnotβ ≤E α;andα =E βifandonlyifα ≤E βandβ ≤E α.Wewillsometimes usethetermordering to2.2 describe theentrenchment relation, although strictly speaking therelation isatotalpre-order onthesentences inL.Theentrenchment relation obeys thefollowing postulates forallα, β, γ ∈ L:

(EE1)

Ifα ≤E βandβ ≤E γthenα ≤E γ(EE2)

Ifα |− βthenα ≤E β(EE3) Foranyαandβ,α ≤E α∧βorβ ≤E α∧β(EE4) When

K≠K⊥,α ∈/ Kiffα ≤E βforallβ(EE5)

Ifβ ≤E αforallβthen|− αThefirstcondition isthattherelation istransitive;

thesecond, called the"dominance" postulate, ismotivated byconsidering contracting abelief setKcontaining αandβbyeither ofthetwosentences, andnoting thatitisasmaller change togiveupαandretain βthantogiveupβ,inwhich caseαmust alsoberemoved ifthecontraction istoobey therationality postulates.

For(EE3), wenotethatthecontraction ofα∧βfrom setcontaining thissentence forces theremoval ofatleastoneofαandβ.Note alsothatthecombination of(EE2) and(EE3) implies thattheordering isconnected, thatis,forallαandβ,either α ≤E βorβ ≤E α.(EE4) provides aminimality condition:

allsentences outside

Khave theleastentrenchment, andnoother sentences have thissame entrenchment, except inthecasewhere

Kisinconsistent, andtherefore there arenosentences ofK.Finally

(EE5) istheupper limit ontheentrenchment relation:

those which aremaximal intherelation arelogical theorems.

Conversely, by(EE2), alllogical theorems intheentrenchment ordering.

Forthemoment, weshall assume agiven entrenchment

≤Ewhich satisfies

–(EE5).

Thisrelation depends onK,since

(EE4) thatdifferent belief setshave different epistemic entrenchments.

Itispossible, however, foronebelief settohave entrenchments onitsmembers atdifferent times. Now weturntotheissue ofconstructing contraction andrevision functions from relation.

[Gärdenfors

&Makinson

1988] shows thatcontraction andepistemic relations areinterdefinable viathefollowing twoconditions:

(C–) β ∈ K α−iff β ∈ K andeither |− αor α <E α ∨ β (C≤E) α ≤ E βiff α ∈/ Kα∧β−or |− α∧β2.2

16 Belief Revision: A Computational Approach

Tworepresentation theorems arethenproved, toshow theequivalence ofthedifferent representations.

These statethatifanordering

≤Esatisfies

(EE1)

–(EE5), thenthecontraction function which isuniquely determined by(C–)satisfies

(K-1)

–(K-8) andalsocondition

(C≤E);and,conversely, ifacontraction satisfies thentheordering

≤Ethatisuniquely by(C≤E)satisfies

–(EE5)

(C–).

Using therelationships between contraction andrevision, theLeviandHarper identities, aconstructive definition ofrevision based onepistemic entrenchment canalsobederived:

(C*) β ∈ K α*iffeither |− ¬αor¬α <E α → β Similarly, iftherelation thentherevision by(C*)satisfies

(K*1)

–(K*8), andthecontraction generated bytheHarper identity

(C≤E).With these equivalences inplace, theproblem ofchoosing acontraction orrevision hasbeen replaced bytheproblem anepistemic ordering.

Epistemologically, itispossible totakeeither orcontraction asthefundamental notion from theother models arederived.

But,from acomputational point ofview, itismore promising touseepistemic astheprimitive notion, sothisistheapproach taken within thisthesis.

Before describing some ofthealternatives toAGM belief revision, wewillpresent three other constructive ofAGM revision.

2.2.2 Maximal

Consistent

Subsets

Theearly work oncontraction andrevision functions

[Alchourro ń&Makinson

1982;

Alchourro ńetal.1985] characterised interms ofmaximal subsets ofthebelief setwhich donotimply thesentence being contracted thetheory.

IfKisabelief set,thenletK⊥αbethesetofallmaximal ofKthatdonotimply α.Thatis,forallM ∈ K⊥α,M |−/ αandifM ⊂ M ' ⊆